A theoretical framework is presented that permits investigations of the relation between inelastic backscattering from microparticles and bulk samples of Raman-active materials. It is based on the Lorentz reciprocity theorem and no fundamental restrictions concerning the microparticle shape apply. The approach provides a simple and intuitive explanation for the enhancement of the differential backscattering cross-section in particles in comparison to bulk. The enhancement factor for scattering of water droplets in the diameter range from 0 to 60 µm (vitally important for the a priori measurement of liquid water content of warm clouds with spectroscopic Raman lidars) is about a factor of 1.2-1.6 larger (depending on the size of the sphere) than an earlier study has shown. The numerical calculations are extended to 1000 µm and demonstrate that dispersion of the refractive index of water becomes an important factor for spheres larger than 100 µm. The physics of the oscillatory phenomena predicted by the simulations is explained.
Introduction
The water content of clouds, be it in liquid or frozen form, is one of the key parameters that govern the energy budget of the atmosphere, and thus the weather and by extension the climate of the Earth [1, 2] . For this reason accurate measurements of cloud water content are of high importance so that microphysical processes in clouds can be studied and eventually understood better, and numerical weather prediction and climate models may be validated. Over the years, remote sensing has become an integral part of such endeavors for the spatial and temporal coverage it provides. Today, both active and passive instruments are monitoring clouds from space and from the ground continuously, and cloud microphysical products are generated routinely from these observations. However, one should take notice of the fact that these products are often the results of retrieval algorithms based on proxy variables and modeling rather than stemming from direct measurements of the parameter itself, which adds another layer of uncertainty. For instance, in the case of ice water content (IWC), common retrieval techniques employ empirical relations between radar reflectivity (e.g., [3, 4] ), or lidar extinction coefficient (e.g., [5, 6] ), and IWC derived from ice particles sampled in situ during field campaigns. So, ideally, direct measurement methods should be devised to verify the retrieval techniques. Our objective is to determine liquid water content (LWC) and IWC from lidar measurements a priori by utilizing the Raman effect.
The water molecule is Raman-active in all three phases of matter, and Raman scattering by water vapor has been exploited successfully for lidar measurements of atmospheric humidity for a long time (as an early example of an operational water vapor Raman lidar, see [7] ). For experimental and methodological reasons, however, Raman lidar studies of the condensed water phases are much more complicated, and despite dedicated efforts over the last years (see the reviews given in [8, 9] ), a priori LWC and IWC measurements have been proven elusive. This is about to change with the advent of spectroscopic water Raman lidars. These instruments allow for the first time direct measurement of the Raman backscatter coefficients of cloud water and ice [9] .
Let β be the Raman backscatter coefficient of cloud droplets, then
where K is a known instrument-specific constant. One can directly obtain LWC from the measurement of β provided that dσ s /dΩ, the Raman differential backscattering cross-section of a water molecule within a water droplet (subscript 's' stands for sphere) is known. A similar relation applies to IWC, only the numerical values of K, β, and dσ/dΩ (being shape dependent) are different. Note, however, that dσ s /dΩ is not the same as the cross-section dσ b /dΩ determined in laboratory experiments using bulk samples (subscript 'b' for bulk), but differs from it substantially and exhibits a size dependence as previous studies have shown [10, 11] . Let η s be the ratio of the molecular cross-section in a droplet to the one in the bulk water sample, henceforth called the enhancement factor:
then Eq.(1) can be rewritten as:
So in order to obtain LWC a priori, we have to determine the Raman differential backscattering cross-section of a water molecule in a macrosample and the magnitude of the size-dependent enhancement factor. In a previous publication, we have obtained dσ b /dΩ with high accuracy [12] , the subject of the present paper is the investigation of η s . Because the situation is even more complicated for ice due to the enhancement factor being dependent on the shape of the ice particle [13, 14] , we focus here mostly on the liquid phase. The enhancement factor for ice particles will be discussed in a follow-up article. Incidentally, we point out that a study of the enhancement factor of water droplets was published previously [10] which, however, was restricted to relatively small size parameters and left some questions unaddressed. Thus our motivation has been threefold: (1) Find a simple and intuitive explanation for the enhancement of the molecular Raman backscattering cross-section in water droplets in comparison to bulk samples. (2) Determine the magnitude of η s . Because any error in η s directly affects LWC results, this knowledge is crucial. (3) Extend the droplet size range to diameters of drizzle and small rain drops for which a spherical shape may still be assumed, and explore the dependence of η s on size.
The article is organized as follows. In Section 2, the theory of our model is described in detail. We have followed a new approach and have applied the Lorentz reciprocity theorem to the analysis of Raman scattering by particles. The numerical results are presented and discussed in Section 3. Conclusions are drawn and an outlook is given in Section 4.
Theory
The following theory is basic and is not limited to the case of spherical liquid droplets. To evaluate the value of η, we use a new approach based on Lorentz reciprocity theorem [15] which states that for any volume and its enclosing surface S the following relation between the volume and surface integrals
holds for two sinusoidal current densities J 1 and J 2 oscillating at the same frequency and generating the electromagnetic fields E 1 , H 1 and E 2 , H 2 . For a particular case of J 1 and J 2 being the currents of two point dipoles and the volume covering the whole space, the surface integral vanishes and the theorem simplifies to
where E (d) is the field created by a point dipole d at the location of point dipole µ and E (µ) is the field created by µ at the location of d.
Suppose that the point electrical dipole µ is immersed in a dielectric of an arbitrary shape. The dielectric material occupies volume V. Both dipoles oscillate at angular frequency ω . We assume a large distance between the two dipoles (much larger than the size of V and the wavelength of the wave). Without a loss of generality, we can also assume that d is oriented along x-axis of the coordinate system and consider a wave radiated by this dipole propagating in z-direction towards µ. At a large distance from d , the electromagnetic wave emitted by d can be treated as a plane x-polarized wave (this wave is considered plane within V). The electrical field of this (pumping) wave reads E 0 exp(k z − iω t), where E 0 ∝ d .
When the pumping wave interacts with the dielectric volume, the internal field (inside the volume) can be presented as a vector field E i (x, y, z, ω ), where we drop the time-dependent factor exp(−iω t) and the superscript indicates that the internal field is calculated for the case of a plain, x-polarized incident wave. Suppose that (x, y, z) is the location of the dipole µ which is induced by E i (x, y, z, ω ) with α being polarizability but it oscillates with angular frequency ω. The field produced by this dipole is the scattered wave and can be obtained from Eq. (5) by considering an auxiliary dipole d. Generally, the angular coordinates of this dipole can be arbitrary, but here we take a practically important case of backscattering when the location of d coincides with d . For simplicity it is assumed that | d| = | d |. Vector d can be either parallel or perpendicular to d . In the case of
x . The projection of the scattered field on y-axis can be obtained
If there are many incoherent induced dipoles homogeneously distributed over the entire volume V, then one can get the total power radiated by these dipoles in the direction to the dipole d by integration. The differential x-polarized backscattering cross-section per dipole is the radiant intensity of the scattered wave (proportional to |E
2 ) divided by the intensity (irradiance) of the pumping wave (proportional to |E 0 | 2 ) and similar for the y-polarized scattering. Thus, one gets
and dσ
where Υ absorbs all the constant factors such as speed of light in vacuum, concentration of dipoles etc. This constant also includes a factor dependent on the units, photon/(s sr) or W/sr used for the radiant intensity. The value of the total backscattering cross-section (a common case of lidar measurements is integration of scattering over both polarizations) can be obtained as a sum of the two values:
Bulk Raman scattering
First, we apply Eqs. (6, 7, 8) to the case of bulk scattering. In such a case the dielectric is a large volume (theoretically a half-space) and has a plain interface with air but the scattering is collected from a volume small in comparison to the size of the bulk sample (see Fig. 1 ). In practice, this volume is defined by the details of the experimental setup. The internal field inside the bulk E i (x, y, z, ω) is uniform and in accordance with Fresnel's formula reads E
where k is the wave number of light, and similar for the field at frequency ω . The y-polarized cross-section is zero in this case. Thus the total bulk differential backscattering cross-section reads
where we have allowed for the difference in the refractive index at ω and ω . As a matter of fact, it is customary to take into account the effect of the interface on the scattering and rescale the apparent value of the differential cross-section to its value in the dielectric media [12, 16] . Figure 1 : Bulk experiment. Scattered waves are collected from the molecules occupying volume V, the region enclosed by the dashed line. Because for small angles θ = nθ 0 , the differential scattering dσ/dΩ is reduced by the factor n 2 . This factor can be eliminated by immersing the detector of scattering in water but usually the apparent value is simply multiplied by n 2 and so it becomes intrinsic to the scattering medium.
First, the power transmitted through the interface is reduced at approximately normal incident by the factors t = 4n /(n + 1) 2 and t = 4n/(n + 1) 2 for the pumping wave and for the scattering wave, the expression on the right side of Eq.(10) should be divided by tt . Second, the solid angle increases by the factor n 2 on the interface and therefore the cross-section should be multiplied by n 2 when rescaled to the medium (see Fig. 1 ). This simplifies the expression for the differential cross-section to
The value of n/n ≈ 0.996 (for water pumped at 355-nm wavelength) is very close to 1 and this factor will be ignored in the following analysis. But the dispersion will be an important factor when we consider Raman scattering by microparticles.
Relative cross-section of Raman backscattering by microparticles
It is practically convenient to compare scattering by microparticles to the scattering by bulk material. For an arbitrary shaped particle of volume V one gets from Eqs. (6) and (11) the enhancement factor for x-polarized scattering
A similar equation for η
V . The internal fields can be found numerically, analytically or using a combination of the two.
The inhomogeneity of the distribution of the energy density inside V is the main reason for the enhancement factor being larger than 1. The variance of |E i | 2 is defined by the equation
We can use Eqs. (12) and (13) to express approximately (ignoring the difference between E
i (x, y, z, ω) and E
i (x, y, z, ω )) the total enhancement factor as
where stands for the volume averaging. Therefore a more inhomogeneous distribution of the energy (larger var(|E i | 2 )) will increase the relative scattering which is proportional to |E i | 4 .
The simplest case of scattering by a microparticle is scattering by a nanosphere with a radius a such that ka 1. For such a small sphere, the internal field E (x) i (x, y, z, ω) can be found by solving the corresponding problem in electrostatics and the result reads E (x) i (x, y, z, ω) = 3/(2 + n 2 )E 0 . The y-polarized field is zero also in this case. Thus one gets from Eq. (12)
where the numerical value is calculated for water, n = 1.33. Note that in [10] this value is close to 0.3 ( Fig. 3b in the  cited paper) . Note that Eqs. (24) and (26) in Ref. [11] and Eq. (14 ) in Ref. [17] agree with our Eq.(15).
In the following section, we will consider spherical particles large in comparison to the wavelength and will use Mie theory where the field is expressed in a form of an infinite series which should be evaluated and integrated numerically. The computations can be accelerated by using spherical coordinates for vectors and space locations because the dependence of the field on the azimuthal angle φ is very simple:
Moreover, the internal field induced by a plane wave polarized along y-axis can be obtained from E (x) (r, θ, φ, ω ) if φ is replaced by φ + π/2. That is
For briefness, we drop the explicit arguments in the notations of the vector fields and move prime from ω to E. Then due to the mutual orthogonality of E c and
and
The integration over φ can be done analytically to obtain
and η
where the three double integrals are expressed as follows:
The value of the total relative scattering cross-section (the common case for lidars) can be obtained as a sum of the two values, and the enhancement factor in the case of Raman scattering by a sphere reads:
Numerical modeling and discussion
We have used these equations to calculate Raman scattering of water by spheres of radius a covering the range from 0 up to 500 µm. The results are shown in Fig. 2 . Because Raman lidars used to study inelastic scattering by clouds, such as the RAMSES instrument [9, 18] , usually operate at 355 nm, this wavelength has been selected in the computations for the pumping light. The Raman spectrum of liquid water is shifted by 3400 cm −1 to a longer wavelength. Refractive indices n pw = 1.350 and n sw = 1.344 for the pumping and scattered wavelength respectively have been taken from [19] . The apparently marginal dispersion of ∆n = 0.006 turns out to be an important factor. The electrical field inside the spheres has been obtained using a standard series expansion in Bessel and spherical harmonic functions [20] . For the integrations, the electrical field at 4 × 10 4 points (16 × 10 4 points for spheres larger than 300 µm) within the cross-section of the sphere, that is 200 × 200 points (400 × 400) in the (r, θ) space have been used. The calculations have been done using Matlab code which routinely provides double precision for all numerical values. First, we compare Fig. 2 to the results reported by Veselovskii [10] , where the size parameter of spheres varies from zero to χ ≡ 2πa/λ = 500 (about 60 µm in diameter for the pumping wavelength of 355 nm). We note that the refractive index used in [10] is 1.33 for both wavelengths instead of the correct UV values, but the small variation of the refractive index has a minor affect on the relative cross-section in this range of χ. For example, the values of η n obtained with Eq.(15) are 0.383 and 0.40 for n = 1.347 and n = 1.33, respectively. The value of η s for the smallest spheres in Fig. 2 is 0.395 (slightly larger than the value calculated with Eq.(15) but it converges to 0.383 in the limit a → 0). The value of η n reported in [10] (see Fig. 3b there) is about a factor of 1.25 smaller than the theoretical value of 0.40. Figure 2 also shows a peak value of η s (reached at χ ≈ 10 or about 1 µm in diameter) a factor of 1.65 larger than in [10] .
In the range 30 < χ < 70 (diameters of 3.4 -7.9 µm), the previously reported relative backscattering cross-section is about 2.0 in average. This value includes averaging over resonances. Away from the resonances the value of η s can be as small as 1.5 (Fig. 6a in [10] ). Figure 3 shows η s for a small select range of diameters (similar to Fig. 6a in  [10] ). Because the contribution of very narrow resonances strongly depends on the morphology of the droplets [21] , intrinsic optical losses in water, presence of dust and other impurities, we have tested this dependence by considering three cases. In a theoretical case of zero losses, the average value of η s is about 3.9. In a more realistic case [22] when the imaginary part of the refraction index Im[n] = 10 −8 , the average value reduces to 2.95. It decreases to 2.85 if Im[n] = 10 −7 . The off-resonance values are not affected by such a small loss and the minimum value of η s for the range of diameters shown in Fig. 3 is 2. 13. Both numbers 2.85 and 2.13 are a factor of 1.45 larger than the corresponding values reported by Veselovskii [10] . Overall, in the range of diameters covered in [10] the previosly reported values of η s are systematically smaller than those of Fig. 2 but the two sets of data can not be brought into agreement by a single scaling factor. The oscillatory behavior observed for large diameters manifested in Fig. 2 is a novel phenomenon not reported in earlier publications and will be discussed later in the paper.
Diameter of sphere (µm) 7 Relative cross-section The accuracy of our calculations has been verified in several ways. To assess the limitations of the double precision, a few points on the curve (100 µm, 200 µm and 600 µm) have been calculated with quadruple precision (this takes time about a factor of 200 longer than the double precision calculations) using a multi-precision package [23] developed by Advanpix LLC. The change of the calculated value of η s was less than 10 −5 even at the largest size of the sphere (which requires the largest number of terms in the series expansion of the field). Additionally, the effect of truncation of the infinite series expansion for the field has been estimated. Increase of the length of the series by 40% (in comparison to the conventionally used estimate χ + 4χ 1/3 + 2 for the number of required terms) has changed η s by about 10 −7 . The main error in the calculations is due to the limited number of the points used in the final integration step. Monte Carlo integration technique has been employed to estimate a 95% confidence interval. The points have been randomly chosen in the θ-r plane and repeated several times. The estimate of the 95% confidence interval is obtained using Student's t-distribution with an appropriate number of degrees of freedom (one less than the number of repetitions).
The average of |E i | 2 has been used as another check of the computational accuracy (the total energy of the elec- tromagnetic field inside the sphere equals nV |E i | 2 ). Away from the resonances and for diameters significantly larger than the wavelength of light, the geometric optics approximation can be used to show [24] that the volume integral of |E i | 2 does not depend on the size of the sphere and the wavelength of the pumping light. The volume average reads
where the numerical value is calculated for water (n = 1.347, dispersion ignored). This theoretical result agrees with our numerical results which show the value of |E i | 2 /|E 0 | 2 to be close to 0.95 (see Fig. 4 ) at large diameters (away from resonances). Figure 5a illustrates the distribution of | E E | 2 in a large 300-µm sphere. The distribution is quite inhomogeneous and this results in the enhancement factor being significantly larger than 1. Such distributions for spheres larger than approximately 50 µm closely resemble each other (with corresponding geometrical scaling) and the results obtained in geometrical optics approximations [25] , except for the resonances and some features which do not simply scale with the size of the sphere as expected in the geometrical optics approximation. These features critically depend on the wavelength of the pumping/scattered wave. The sphere in Fig. 5a has been modelled with much higher spatial resolution than what was used for calculation of the curves shown in Figs. 2 and 4 , to verify the accuracy of integration.
The oscillatory behavior of η s at large diameters and correct UV dispersion of ∆n = 0.006 has been investigated in some details to confirm that it is not an artifact but a physical phenomenon. The value of η s has been calculated for two hypothetical cases: a two-times larger dispersion (n pw = 1.353, n sw = 1.341) and with a zero dispersion (n pw = n sw = 1.347). The curves are shown in Fig. 4 . In the case of zero dispersion, the oscillation disappears and the enhancement factor grows approximately logarithmically with increasing diameter. The three curves overlap (except for the resonances) if the diameter is smaller than 40 µm (a < 20 µm). The condition n pw − n sw ≈ λ/a apparently defines a minimal value of a such that the off-resonance cross-sections are noticeably affected by the dispersion. Larger dispersion results in earlier deviation of the red curve from the "no dispersion" curve. The first minima in the value of η s on the red curve is reached at about 175 µm which is followed by a maximum around 290 µm. These values for the black curve are about 430 µm and 780 µm respectively. Both numbers are approximately 2.6 times smaller for the larger dispersion. The amplitude of the oscillations of the red curve clearly decays with increasing diameter and the enhancement factor converges to approximately 2.05. This suggests that the oscillations will decay also for the case ∆n = 0.006 (this decay is less obvious in Fig. 4 due to the insufficiently long range of diameters). Finally, note that Monte Carlo integration (which employs a randomized integration grid) eliminates a possibility of an accidental coincidence of the grid nodes with the antinodes of the electric field (such a coincidence would artificially increase the value of the integral).
To explain the discovered oscillations of η s and the reason why the dispersion of water plays such an important role, we focus on the narrow and strongest features in the distributions of the field presented with high resolution in Figs. 5b-e. Figures 5b and 5c show that in the absence of dispersion the positions of the diagonal lines are almost identical for the pumping and scattered fields. The difference (about 10%) in the two wavelengths just slightly affects the spacing between these lines. In the case of dispersion, the positions of the lines are different for the pumping and the scattered fields due to different refraction at the interface between water and air (the refraction plays a critical role when the incident field enters the sphere). The mismatch in the locations of the lines for the two fields reduces the value of | E E | 2 and hence the value of η s . But η s partially recovers if lines 1 , 2 , etc of | E | 2 (the numbering starts from the strongest line in Fig. 5d ) correspondingly overlap with lines 2, 3, etc of | E| 2 (see Fig. 5e ). As demonstrated by the figure, such a resonance is achieved for the size of the sphere of about 780 µm. This is the diameter when the value of η s reaches its first maximum in Fig. 4a . The first minimum is reached by η s at 430 µm. This is the size when the position of line 1 in the distribution | E | 2 sits between lines 1 and 2 of the distribution | E| 2 . This size is a bit larger than half of the 780 µm because lines 1 and 1 are the strongest and therefore line 1 should be positioned closer to line 2 (not in the middle between lines 1 and 2) to achieve a minimal overlap between | E | 2 and | E| 2 . It may look surprising that the relative backscattering cross-section of a sphere does not converge to the bulk value with increasing diameter. This is because we consider only a situation when the distance from the sphere to the point of detection (location of d) is much larger than the sphere diameter and therefore the contribution of different points of the sphere to the total scattering is not affected by the collecting optics. Therefore the right hand side of Eq. (25) does not converge to 1 in the limit a → 0. The conventional "bulk measurements" deal with the situation of a plane | E E | 2 dφ on a logarithmic scale (log 10 ) across the entire 300-µm sphere. Correct UV refractive indices have been assumed. The value is shown using Cartesian coordinates x ≡ ±ra −1 sin θ and y ≡ ra −1 cos θ. The factor x in front of the integral reduces its value near x ≈ 0 which correctly reflects the relative insignificance of this region for the volume integral. For the sake of testing the integration accuracy, these images have been calculated on a 1000 × 2000 grid and the integrals over the volume resulted in η s = 2.212, in agreement with interface between water and air when the water and air take a half-space each but the scattering is collected only from a small finite size volume. Therefore when the size of the sphere increases, the integration volume should be decreased to a smaller and smaller fraction of the sphere for a proper transformation to bulk.
Conclusion
We have applied Lorentz reciprocity theorem to the analysis of Raman backscattering by particles. This approach provides a simple and intuitive explanation for the enhancement of the backscattering cross-section in particles in comparison to bulk samples (theoretically considered as objects occupying a half space). The enhancement factor is related to the variance of the energy density within the particle volume. This theorem also links the standard Mie theory of elastic scattering to Raman scattering, and numerical calculations of relative differential Raman backscattering cross-section have been carried out for spherical particles up to 1000-µm diameters. These calculations are in qualitative, but not in quantitative, agreement with previously published results, the values of the relative cross-section reported in this paper are about a factor of 1.2-1.6 larger (depending on the size of the sphere). We have also discovered that the small dispersion of the refractive index of water has a significant effect on Raman scattering by spheres larger than 100 µm. The observed phenomenon systematically depends on the factor ∆na/λ. The oscillations are explained by considering resonance phenomena between narrow and wavelength dependent features in the distributions of the electrical field at pumping and scattered wavelengths.
The basic theory developed in this article is applicable to small particles of any shape as long as the internal fields can be determined numerically or analytically. If one studies microphysical cloud properties with lidars, assumption of a spherical shape for the microparticles is a good choice for several reasons: It is a realistic model for cloud and drizzle droplets as well as drops in light precipitation; Mie theory can be used for the computations; and spatial orientation of the particles with respect to the exciting light field is irrelevant which makes the calculations relatively fast. Obviously, the spherical particle model is only sufficient for warm clouds. Below the frost point, the fraction of aspherical particles increases with decreasing temperatures. So in order to measure IWC a priori, one needs to employ a different model for microparticles (see review [26] ) and different numerical methods such as T-matrix etc [27] to compute enhancement factor of cold clouds.
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